In this paper we consider switched nonlinear systems with otherwise arbitrary compact index sets and subjected to different switching constraints. We present invariance principles for these systems and derive, by using observabilitylike notions, some convergence criteria which enable us to analyze the convergence of solutions of switched systems with restrictions originating from the timing of the switchings, statedependent constrained switching and switching whose logic has memory, i.e., the active subsystem can only switch to a prescribed subset of subsystems.
I. INTRODUCTION
The stability analysis of switched systems turned out to be an important and challenging problem which has received considerable attention in the recent literature (see [4] , [9] , [10] and the references therein).
In particular, LaSalle's invariance principle has been recently extended to switched systems. In [6] an invariance principle for switched linear systems under persistently dwell-time switching signals was introduced and in [7] Hespanha et al. extended some of those results to a family of nonlinear systems. Bacciotti and Mazzi presented in [1] an invariance principle for switched systems with dwelltime signals. An invariance principle for switched nonlinear systems with average dwell-time signals that satisfy statedependent constraints was derived by Mancilla-Aguilar and García in [12] from the sequential compactness of particular classes of trajectories of switched systems. Based on invariance results for hybrid systems ( [14] ), Goebel et al. in [5] obtained recently invariance results for switched systems assuming different dwell-time conditions. Lee and Jiang in [8] gave a generalized version of the Krasovskii-LaSalle theorem for time-varying switched systems. Under certain ergodicity and dwell-time conditions on the switching signal, some stability results were also obtained in [3] , [15] , [16] .
Most of the invariance results for switched systems already published consider only restrictions originating from the timing of the switchings or from the state dependence of it. Nevertheless there is also an important restriction to take into account, which is the fact that not all of the subsystems may be accessible from a particular one, i.e. the case in which the switching logic has memory. This restriction is clearly exhibited, for example, in switched systems which are the continuous portion of a hybrid automaton (see [4] , This [11] ). In this regard, the invariance principles developed for hybrid systems in [11] and in [14] could be useful in the analysis of switched systems with this class of restriction in the switchings.
In this paper we present invariance results that hold for trajectories of switched systems with a non necessarily finite number of subsystems and whose switching signals verify a certain property (which we call L) with respect to a certain subclass S * of switching signals. These results enable us to obtain in a unified way invariance theorems for switched systems whose switchings satisfy some of the restrictions mentioned above. Based on these invariance results, we derive new convergence and stability criteria that recover, generalize and strengthen some results previously obtained (see [13] for proofs and details).
It must be pointed out that property L does not involve any dwell-time condition, as the above mentioned results do, and that it is robust w.r.t. a certain type of perturbations.
The article unfolds as follows. Section II contains the basic definitions. In section III we present invariance principles for switched systems with constrained switching. Convergence results are given in section IV and section V contains some conclusions.
II. BASIC DEFINITIONS
In this work we consider switched systems described bẏ
where x takes values in R n , and where σ : R → Γ, with (Γ, d Γ ) a compact metric space, is a switching signal, i.e., σ is piecewise constant (it has at most a finite number of jumps in each compact interval) and is continuous from the right, and f :
is the subsystem or mode γ of the switched system, and χ γ is its corresponding state space. Note that χ γ is closed and f γ is continuous for any γ ∈ Γ and that these conditions imply that dom(f ) is closed and that f is continuous on dom(f ) when Γ is finite. It must be pointed out that by considering different state spaces for the different subsystems, we can take into account in the analysis state-dependent constraints of the type σ(t) ∈ U (x(t)), whith
Given σ ∈ S, where S denotes the set of all the switching signals, a solution of (1) corresponding to σ is a locally absolutely continuous function x :
is a trajectory of (1) if σ ∈ S and x is a solution of (1) corresponding to σ. The trajectory is complete (forward complete) if x is complete (forward complete). We will denote by T s the set of all the complete trajectories of (1).
Given a subset O of R n , we say that the trajectory (x, σ) is precompact relative to O if there exists a compact set B ⊂ O such that x(t) ∈ B for all t ∈ I x . When O = R n we simply say that (x, σ) is precompact.
III. INVARIANCE RESULTS
In this section some invariance results are presented. These results enable us to characterize the asymptotic behavior of a precompact forward complete trajectory (x, σ) of (1) when σ verifies certain condition with respect to a certain subclass S * of switching signals. The consideration of such subclass allows us to obtain in an unified way invariance results for systems whose switching signals undergo different restrictions. The concept of invariance considered along this work is the following.
Definition 1: Given a family T * of complete trajectories of (1), we say that a nonempty subset
This notion of weak invariance is stronger than the one introduced in [12] , since in that work only forward invariance was considered. It is also stronger that the one in [14] , where forward and "finite-in-time" backward weak invariance were considered.
Remark 3.1: Note that a sufficient condition for the image M = {(x(t), σ(t)) : t ∈ R} of a complete trajectory (x, σ) ∈ T * of (1) to be weakly-invariant w.r.t. T * is that for every s ∈ R, if x(·) = x(· + s) and σ(·) = σ(· + s), then (x, σ) ∈ T * . This last condition is verified for the class T * of all the complete trajectories whose switching signals belong to a class S * of switching signals which is translation-invariant, i. e. for any s ∈ R and any σ ∈ S * , σ(· + s) ∈ S * .
Let us introduce now the following property. Definition 2: Let S * be a family of translation-invariant switching signals. We say that a switching signal σ ∈ S has property L with respect to S * if for any sequence of times {s k } with s k ր ∞, and σ k (·) = σ(· + s k ) there exist σ * ∈ S * and a subsequence {σ k l } such that lim l→∞ σ k l (t) = σ * (t) for almost all t ∈ R.
Along this work we will consider forward complete solutions of (1) corresponding to switching signals σ which have property L with respect to some of the subclasses of switching signals that we introduce next.
Let Λ(σ) be the set of times (switching times) where σ has a jump. Following [6] we say that σ ∈ S has a dwell-
A switching signal σ has an average dwell-time τ D > 0 and a chatter bound N 0 ∈ N if the number of switching times of σ in any open finite interval (τ 1 , τ 2 ) ⊂ R is bounded by
We denote by S a [τ D , N 0 ] the set of all the switching signals which have an average dwell-time τ D > 0 and a chatter bound N 0 ∈ N. We note that the set
For a finite set Γ and T > 0, S e [T ] denotes the family of all the switching signals σ which verify the following "ergodicity" condition ( [3] ): for every t 0 ∈ R and every
The families of switching signals already introduced have no restrictions on the accessibility from any subsystem to another. The family of switching signals -and their corresponding trajectories-that we introduce next models systems in which the switching logic has memory, i.e., when a subsystem corresponding to an index γ ∈ Γ can only switch to subsystems corresponding to modes γ ′ that belong to a certain subset Γ γ ⊂ Γ. Given a set-valued map H : Γ Γ, S H is the set of all the switching signals σ which verify the condition σ(t) ∈ H(σ(t − )) for every time t ∈ Λ(σ).
Here σ(t − ) = lim s→t − σ(s). T H denotes the set of all the complete trajectories (x, σ) with σ ∈ S H . This class of switching signals enable us, for example, to model the restrictions imposed by the discrete process of a hybrid system whose continuous portion is as in (1) (see [4] ).
The following result gives conditions under which a switching signal σ has property L w.r.t. some of the translation-invariant families introduced above.
Then,σ has property L w.r.t. S * .
In what follows, given a Lebesgue measurable subset A ⊂ R , µ(A) stands for its Lebesgue measure.
Remark 3.2: It follows readily that condition (2) is equivalent to the following:
where
Next, we present two invariance results that involve the existence of a function V which is nonincreasing along a trajectory of (1) .
From now on |ξ| stands for the Euclidean norm of ξ ∈ R n , and π 1 : R n × Γ → R n is the projection onto the first component. We also recall that for a forward complete solution x of (1) a point ξ ∈ R n belongs to Ω(x), the ω-limit set of x, if there exists a strictly increasing and unbounded sequence of times {s k } such that lim k→∞ x(s k ) = ξ. Ω(x) is always closed and, when x is precompact, it is nonempty, compact, connected and x converges to
Next, we introduce the following class of functions.
In our first invariance result we consider the following assumption.
Assumption 1: The forward complete trajectory (x, σ) of (1) verifies the following: there exists a function V ∈ V whose restriction to
Theorem 1: Suppose that (x, σ), with σ ∈ S, is a forward complete trajectory of (1) for which Assumption 1 holds. Suppose in addition that σ has property L w.r.t. a family of translation-invariant switching signals S * and let T * be the set of all the complete trajectories (x, σ) of (1) with σ ∈ S * .Then there exists c ∈ R such that x converges to a connected component of
Example 1: Consider the switched system shown in figure  1 The dynamics are given by (1) 1 and B 1 are the block matrices
We will prove that in the case in which k 1 /m 1 = k 2 /m 2 , for every forward complete trajectory (x, σ) of the system, x → M = {ξ ∈ R 4 : ξ 1 = ξ 2 , ξ 3 = ξ 4 } when σ has property L w.r.t. S e (for example, σ is as in 3 of Lemma 1 or is a perturbation of a switching signal which verifies those conditions).
Let V : R 4 × {1, 2} → R be for each switching mode the mechanical energy of the system,
Then
be a forward complete trajectory such that σ has property L w.r.t. S e . Since v(t) = V (x(t), σ(t)) is nonincreasing and V is nonnegative and proper, it follows that (x, σ) is precompact. Therefore (x, σ) verifies the hypotheses of Theorem 1 with S * = S e and, in consequence, for some
Let c ∈ R and ξ * ∈ π 1 (M (c)). Then there exist γ * ∈ {1, 2} and (x * , σ * ) ∈ T e such that (x * (t), σ * (t)) ∈ M (c) for all t ∈ R and (x * (0), σ * (0)) = (ξ * , γ * ). If γ * = 2, there exists δ > 0 such that σ * (t) = 2, ∀t ∈ [0, δ). Hence ∇V 2 (x * (t))f 2 (x * (t)) = 0 and x * 3 (t) = x * 4 (t), ∀t ∈ [0, δ). A simple computation shows that x * 1 (t) = x * 2 (t), ∀t ∈ [0, δ) also. In consequence, ξ * = x * (0) ∈ M . In case that γ * = 1, let τ > 0 be the first switching time such that σ * (τ ) = 2 (this time exists since σ * ∈ S e ). Reasoning as above, δ > 0 exists such that ∇V 2 (x * (t))f 2 (x * (t)) = 0 and x * 3 (t) = x * 4 (t) and x * 1 (t) = x * 2 (t) for all t ∈ [τ, τ + δ). In consequence x * (τ ) ∈ M . On the other hand, it is easy to see that M is backward and forward invariant with respect to the solutions ofẋ = f 1 (x). Then, evolving backwards from x(τ ), we have that ξ * = x * (0) ∈ M . In consequence, π 1 (M (c)) ⊂ M and the proof is completed.
It can be proved in a similar way that in the case in which k 1 /m 1 = k 2 /m 2 , for every forward complete trajectory (x, σ), with σ having property L w.r.t. S e , x → 0.
When Γ is a finite set, we can relax the nonincreasing condition in Assumption 1 as follows. Note that the restriction of any function V of class V to dom(f ) ∩ dom(V ) is always continuous in this case.
Assumption 2: The forward complete trajectory (x, σ) of (1) verifies the following: there exists a function V ∈ V such that (x, σ) is precompact relative to O and v(t) = V (x(t), σ(t)) is nonincreasing on
In what follows, when Γ is a finite set, we identify it with the set {1, . . . , N } ⊂ N, where N = card(Γ).
Theorem 2: Suppose that Γ is finite and let S * and T * be as in Theorem 1. Suppose that (x, σ), with σ ∈ S, is a forward complete trajectory of (1) which has property L with respect to S * and for which Assumption 2 holds. Then there exists c = (c 1 , . . . , c N ) ∈ R N such that x converges to a connected component of π 1 (M ( c) 
The following result is an integral-invariance principle which is an extension to switched systems of one of Byrnes and Martin for differential equations ( [2] ).
Theorem 3: Let S * and T * be as in Theorem 1. Suppose that (x, σ), with σ ∈ S, is a forward complete trajectory of (1) such that σ has property L with respect to S * . Suppose in addition that there exists a lower semi-continuous function h : dom(h) → [0, +∞], with dom(h) ⊂ R n × Γ, such that (x(t), σ(t)) evolves in a compact subset K of dom(h), and that for some τ > 0 t+τ t h(x(s), σ(s))ds converges to 0 as t → +∞. Then x converges to a connected component of
In the case in which σ of Theorem 3 is as in 1. of Lemma 1, the hypotheses of that theorem can be weakened by considering weakly meagre functions. We recall that a function y : R ≥0 → R, R = [−∞, +∞], is weakly meagre if lim k→∞ (inf{|y(t)| : t ∈ I k }) = 0 for every family {I k : k ∈ N} of nonempty and pairwise disjoint intervals in R ≥0 with inf{µ(I k ) : k ∈ N} > 0. For example, any function y ∈ L p ([0, ∞)) with p > 0 is weakly meagre. More generally, if there exist a positive number τ and a continuous function α : R → R ≥0 positive definite such that t+τ t α(|y(s)|)ds converges to 0 as t → +∞, then y is weakly meagre.
Theorem 4: Let S * and T * be as in Theorem 1. Suppose that (x, σ), with σ ∈ S as in 1. of Lemma 1, is a forward complete trajectory of (1) and that σ has property L with respect to S * . Suppose in addition that there exists a lower semi-continuous function h : dom(h) → [0, +∞], with dom(h) ⊂ R n × Γ, such that (x(t), σ(t)) evolves in a compact subset K of dom(h) for all t ≥ 0 and that y(·) = h(x(·), σ(·)) is weakly meagre. Then x converges to a connected component of π 1 (M * ), where M * is the maximal weakly-invariant set w.r.t. T * contained in h −1 (0)∩dom(f ). [14] invariance results for hybrid systems were presented that can be applied to the study of the asymptotic behavior of a trajectory (x, σ) of a switched system whose index set Γ is a compact subset of R m . Although at first glance those results look similar to the ones presented here, they differ in two respects: i) the approach used for obtaining them, and ii) the hypotheses and the conclusions. A detailed elaboration on these differences can be found in [13] .
Remark 3.3: Recently, in

IV. CONVERGENCE RESULTS
In this section we derive, from the invariance principles presented in Section III, some convergence results for switched systems with constrained switchings. Let us first introduce the following assumptions.
Assumption 3: For the forward complete trajectory (x, σ) of (1) there exist a function V ∈ V and a family of functions {W γ : O γ → R, γ ∈ Γ} such that (x, σ) and V satisfy Assumption 1 and in addition
Assumption 4: For the forward complete trajectory (x, σ) of (1) there exist a function V ∈ V which is bounded on compact subsets of dom(f ) ∩ dom(V ) and a family of func-
is nonincreasing on [0, +∞), (4) holds and in addition W (ξ, γ) := W γ (ξ) is lower semi-continuous on dom(W ) = dom(f ) ∩ dom(V ).
Remark 4.1: Note that Assumptions 3 and 4 only differ on the regularity conditions imposed on the functions V and W . In the first assumption V belongs to class V and its restriction to dom(f )∩dom(V ) is required to be continuous, but no regularity conditions are imposed on W . In the second assumption, the continuity of V on dom(f ) ∩ dom(V ) is relaxed to the boundedness of V on compact subsets of that set, but, on the other hand, W is assumed lower semicontinuous.
When Γ is finite, the restriction of any function V of class V to dom(f ) ∩ dom(V ) is continuous and, in consequence, Assumption 3 is weaker than Assumption 4.
Assumption 5: For the forward complete trajectory (x, σ) of (1) there exist a function V ∈ V and a family of functions {W γ : O γ → R, γ ∈ Γ} such that (x, σ) and V satisfy Assumption 2 and in addition (4) holds.
For a given family of functions {W γ : O γ → R, γ ∈ Γ} as in the assumptions above, we introduce the following subsets.
Let γ ∈ Γ and τ (τ > 0 or τ = ∞); we say that a point
Remark 4.2:
If we consider the system with outputṡ x = f γ (x), y = W γ (x), state space O γ , and 0 ∈ O γ , f γ (0) = 0 and W γ (0) = 0, then the set O f γ coincides with the set of states ξ that cannot be instantaneously distinguished from the zero state from the output y. In the particular case in which f γ (ξ) = A γ ξ and W γ (ξ) =
When O f γ = {0} the pair (W γ , f γ ) is called small-time zero state observable ( [7] ) or observable ( [5] ). Now, we are in position to present some convergence results.
Theorem 5: Let (x, σ) be a forward complete trajectory of (1) with σ ∈ S which has property L w.r.t. S. Then the following hold: 1) If (x, σ) verifies Assumption 3, then there exists c ∈ R such that x converges to a connected component of This switching signal has property L w.r.t. S, since it is a perturbation of the switching signal σ(t) ≡ 1 which verifies Lemma 2. Therefore, for any forward complete trajectory (x,σ) it holds that x → 0. We note that the invariance or convergence results for switched systems reported in [1] , [5] , [6] , [7] , [12] , cannot be applied to derive this convergence, sinceσ does not verify any of the dwell-time conditions assumed in those works.
We cannot derive the convergence of x to 0 from the invariance results obtained in [14] for hybrid systems either. In fact, in order to apply those results, consider the (ξ 1 , ξ 2 , γ) with |ξ| = r, any trajectory z of the hybrid system such that z(0, 0) = (ξ 1 , ξ 2 , γ) and which has only jumps (i.e. dom(z) = {0} × N 0 ) verifies the condition V (z(t, j)) = r for all (t, j) ∈ dom(z). In consequence, all we can assert is that x → {(ξ 1 , ξ 2 ) : |ξ| 2 = r} for some r ≥ 0. We note that in this case, the consideration of trajectories which have only jumps is unavoidable since the domain of any graphical limit of a sequence of time-translations ofσ is {0} × N.
Finally, we would like to point out the following. i) There are switching signals σ that do not have property L w.r.t. S, but x → 0 for any forward complete trajectory (x, σ). This follows from the fact that for any forward complete trajectory (x, σ) with σ a switching signal which has a positive weak dwell-time, x → 0 ([6, Theorem 4]), and that some of these σ's do not have property L w.r.t. S. ii) There are forward complete trajectories (x, σ) for which x 0 (see [6, Example 2] ).
In what follows let for each γ ∈ Γ, E γ = {ξ ∈ χ γ : f γ (ξ) = 0} be the set of equilibrium points of the subsysteṁ x = f γ (x).
The following convergence result involves an "ergodicity" condition on the switching signals considered.
Theorem 6: Suppose that Γ is a finite set. Let (x, σ), with σ ∈ S which has property L w.r.t. S e , be a forward complete trajectory of (1). Then the following hold: 
Let (x, σ) be any forward complete trajectory with σ that has property L w.r.t. S e . Since v(t) = V (x(t), σ(t)) is nonincreasing, it follows that the trajectory is precompact. In consequence, (x, σ) together with V and W γ , γ = 1, 2, satisfy the conditions in 1 of Theorem 6. Therefore, for some c ≥ 0, c, 0, 0) . Thus, for any forward complete trajectory (x, σ) with σ that has property L w.r.t. S e , x converges to a point located in the x 1 -axis.
In the sequel we give sufficient conditions for the convergence to a given equilibrium point x e of (1), i.e. a point x e that verifies f γ (x e ) = 0 for all γ ∈ Γ such that x e ∈ χ γ . We assume, without loss of generality, that x e is the origin of R n . Assumption 6: 0 is an equilibrium point of (1). Assumption 7: For every γ ∈ Γ such that 0 ∈ χ γ , the initial value problemẋ = f γ (x), x(0) = 0 has a unique solution.
Theorem 7: Suppose that assumptions 6 and 7 hold, and let (x, σ) be a forward complete trajectory of (1) with σ ∈ S which has property L w.r.t. S.
1)
We have x → 0 if Assumption 4 is verified, 0 ∈ O, and the following hold:
If Γ is finite, the same holds if we suppose that (x, σ) verifies Assumption 5 instead of Assumption 4.
2)
We have x → 0 if Assumption 3 is verified, 0 ∈ O, 1) a) holds and
When Γ is finite and σ has the property L w.r.t. S H , hypothesis 2) of Theorem 7 can be weakened as follows.
Given a set-valued map H : Γ Γ, a finite sequence 
then x → 0. 2) The same conclusion as in 1) holds if we replace Assumption 5 by Assumption 3 and condition 1) b) by the weaker one: c) for every c ∈ R and for each simple cycle
V. CONCLUSIONS
In this paper we have obtained some invariance results for bounded trajectories of switched systems whose switchings verify a certain property with respect to a certain subclass of switching signals. These results enable us to study, in an unified way, properties of bounded trajectories of switched systems subjected to perturbations and/or restrictions in the switching originated not only by its timing, but also by statedependent constraints, and by accessibility constraints from each subsystem to other ones.
We also derived from these results some convergence criteria. These criteria involve observability-like conditions on functions which bound the derivatives of some continuous functions that have a certain kind of monotonicity along complete trajectories of the switched systems.
